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Observations are reported in tensile relaxation tests on specimens subjected to stretching up to various
maximum strains max followed by retraction to various minimum strains . Experimental data show that
shapes of relaxation curves on pre-loaded samples are strongly affected by strain increment
D = max  : (i) when D is small, stress monotonically decays with time, (ii) with an increase in D,
the relaxation process becomes non-monotonic, and (iii) at relatively large increments D, stress grows
with time. A two-phase constitutive model is derived for the viscoelastic and viscoplastic responses of
semicrystalline polymers under arbitrary deformations with small strains. Adjustable parameters in
the stress–strain relations are found by ﬁtting the observations. Numerical simulation demonstrates that
the model correctly describes the time-dependent behavior of polypropylene subjected to cyclic pre-
loading in creep and relaxation tests.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
This paper is concerned with experimental investigation and
constitutive modeling of the time-dependent behavior of semicrys-
talline polymers observed in creep and relaxation tests on speci-
mens subjected to cyclic pre-loading.
Kitagawa et al. (1995, 1999) reported observations in relaxation
and creep tests on amorphous and semicrystalline [poly(oxymeth-
ylene) and polyethylene] polymers subjected to uniaxial tension
followed by partial retraction which revealed that shapes of relax-
ation and creep curves were strongly affected by strains (stresses)
at which relaxation (creep) started. Experimental data in relaxation
tests showed that (i) tensile stress monotonically decreased with
time when the difference between maximum strain under stretch-
ing max and the current strain  remained small, (ii) relaxation
curves became non-monotonic with growth of D = max  , and
(iii) stress monotonically increased with time when D was com-
parable with max. Similar phenomena were also revealed in creep
tests. Changes in shapes of relaxation and creep curves with D
were also reported by Zhang and Moore (1997), Khan (2006) for
high density polyethylene and Kim and Sun (2002) for a polymer
composite. Evolution of shapes of relaxation curves was called
‘‘anomalous” (Kitagawa et al., 1999) or ‘‘unusual” (Heymans and
Kitagawa, 2004) behavior after strain reversal.
Transitions from a monotonic decrease in stress [regime (i)] to
non-monotonic relaxation curves [regime (ii)] and growing relaxa-
tion diagrams [regime (iii)] have been observed in a number ofll rights reserved.materials. In studies focused on the time-dependent response of
textile ﬁbers, yarns, and threads, these regimes are conventionally
called simple, mixed, and inverse relaxation (Nachane et al., 1986,
1989; Manich and de Castellar, 1992; Vangheluwe, 1993; Nachane
and Sundaram, 1995; Ajiki and Postle, 2003). Changes in shapes of
creep curves are referred to as transition from simple to mixed to
inverse creep (Patil and Nachane, 2009). The same terminology is
employed in the analysis of viscoelastic behavior of natural poly-
mers (Kothari et al., 2001; Das and Ghosh, 2006; Das, 2008) and
polymer foams (Vigo and Castellano, 2001).
Several attempts have been undertaken in the past decade to
model relaxation and creep after strain reversal. Transition from
simple to mixed (non-monotonic) relaxation is qualitatively de-
scribedbymeansof constitutive equations innonlinear viscoelastic-
ity with relaxation kernels strongly dependent on current strain
(Drozdov, 1998; Heymans and Kitagawa, 2004), but the accuracy
of prediction is poor. Transition from simple to inverse relaxation
is modeled within the viscoplasticity concept based on overstress
(VBO), see Ho and Krempl (2002), Colak (2005), and the references
therein, which presumes existence of some ‘‘equilibrium” stress–
strain curve, to which stress relaxes when strain remains constant.
This implies that current stress r decreases with time when it ex-
ceeds the equilibrium stress req, and monotonically increases with
time under the condition r < req. A shortcoming of this concept is
that it requires theequilibriumstressreq toevolvewith time inorder
to capture mixed relaxation. Although it is possible to describe the
non-monotonic dependence of stress on timewithin theVBO theory
(Khan, 2006), such a model involves a number of merely phenome-
nological relations and ensures only qualitative agreement with
observations (Kitagawa et al., 1989; Sanomura and Mizuno, 2007).
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tal data in tensile relaxation tests on polypropylene specimens
subjected to stretching up to various strains max and subsequent
retraction down to various strains , (ii) to develop a constitutive
model for the viscoelastic and viscoplastic responses of semicrys-
talline polymers and to ﬁnd adjustable parameters in the stress–
strain relations by ﬁtting the observations, and (iii) to apply the
constitutive equations to numerical simulation of the time-depen-
dent response of pre-loaded samples in creep and relaxation tests.
The novelty of this study consists in the following: (i) it is dem-
onstrated experimentally that the time-dependent response of iso-
tactic polypropylene under retraction reveals characteristic
features of simple, mixed, and inverse relaxation and creep, and
(ii) a constitutive model is derived that describes these features
quantitatively.
A semicrystalline polymer is treated as a two-phase composite,
where crystalline inclusions are randomly distributed in an amor-
phous matrix. This approach was recently used to study the
mechanical behavior of semicrystalline polymers by Nikolov and
Doghri (2000), van Dommelen et al. (2003), Diani et al. (2008),
Dusunceli and Colak (2008), Baudet et al. (2009), Regrain et al.
(2009), Drozdov (2010a), to mention a few. It provides a simpliﬁed
description of the micro-structure of polypropylene, where two
components of the amorphous phase are conventionally distin-
guished: mobile (polymer chains in the rubbery state located far
away from crystalline lamellae), and rigid (chains with reduced
molecular mobility whose thermal motion is severely restricted
by surrounding crystallites) (see Hedesiu et al., 2007; Zia et al.,
2008). In what follows, the amorphous matrix is associated with
mobile (bulk) amorphous phase, while the crystalline phase is
thought of as spherulites together with rigid amorphous phase
conﬁned between lamellae.
Both phases are modeled as viscoelasto-plastic media with dif-
ferent laws of plastic ﬂow and different distributions of character-
istic times for the viscoelastic response. Viscoplastic deformation
of the amorphous matrix is treated as sliding of junctions between
chains with respect to their reference positions, whose rate is pro-
portional to current stress r1 in this phase (in accord with the sim-
plest version of the associated law for plastic ﬂow).
Viscoplastic deformation in the crystalline phase reﬂects intra-
crystalline (c-shear) and inter-lamellar slips (Machado et al., 2009),
and its rate is proportional (with a coefﬁcient / < 1) to that of
macro-deformation. Slowing down of deformation of crystallites
with respect to macro-deformation is attributed to stick–slip
events at sliding of lamellar blocks.
The following scenario is suggested for simple, mixed, and in-
verse relaxation in semicrystalline polymers. Under uniaxial ten-
sion, plastic strains and tensile stresses in the amorphous and
crystalline phases monotonically grow. When macro-strain
reaches its required value and stress relaxation starts, stresses in
the amorphous matrix r1 and crystalline lamellae r2 decrease with
time, which results in a decay in macro-stress
r ¼ r1 þ r2 ð1Þ
observed as simple relaxation. Relaxation in the amorphous matrix
reﬂects rearrangement of a transient polymer network (thermally-
induced separation of active chains from their junctions), see Tana-
ka and Edwards (1992). Time-dependent reduction in stresses in
the crystalline phase is modeled within the concept of cooperative
relaxation (Drozdov, 2000, 2001). Experimental conﬁrmation of
cooperative motion in the rigid amorphous phase of semicrystalline
polymers was given by Lixon et al. (2008), Delpouve et al. (2008).
Under retraction, viscoplastic strain in the amorphous matrix
p1 grows, and that in the crystalline phase p2 decreases. When
the strain incrementD is small, the current strain  exceeds visco-
plastic strains in both phases, which implies that appropriate stres-ses r1 and r2 are positive. Reduction in these stresses in a
relaxation test is observed as simple relaxation (a monotonic de-
crease in r with time).
When retraction proceeds and strain increment D exceeds
some threshold value, the current strain  becomes lower than
the viscoplastic strain in the amorphous matrix p1. This implies
that tensile stress r1 in the amorphous phase is negative, whereas
that in the crystalline phase r2 remains positive. In a relaxation
test with such a strain , absolute values of r1 and r2 decrease with
time. However, owing to negativity of r1, monotonic reduction in
absolute values of r1 and r2 is observed in the test as a non-mono-
tonic evolution of r with time, see Eq. (1). The stress r increases at
small relaxation times t0 = t  t0 (t0 stands for the instant when
relaxation starts), which reﬂects a rapid decay in jr1j, reaches its
maximum, and decreases afterwards due to slow reduction in r2.
This behavior is monitored in experiments as mixed relaxation
(non-monotonic changes in r with time).
The same sequence of events occurs when stress relaxation
starts after severe unloading, when strain  becomes small com-
pared with max. The only difference consists in the fact that retrac-
tion induces rearrangement of lamellae blocks, which leads to
noticeable changes in morphology of rigid amorphous fraction.
Due to strong slowing down of cooperative relaxation induced by
inter-lamellae slip, tensile stress r2 in the crystalline phase re-
mains practically constant during conventional short-term relaxa-
tion tests. According to Eq. (1), evolution of macro-stress r with
time reproduces changes in stress r1 (whose monotonic increase
with t0 reﬂects a decay in jr1j). This response is observed in exper-
iments as inverse relaxation (a monotonic growth of r).
The remaining part of this paper deals with thorough examina-
tion of this scenario. The exposition is organized as follows. Obser-
vations in tensile cyclic tests and relaxation tests after strain
reversal are reported in Section 2. Constitutive equations for the
viscoelastic and viscoplastic responses of semicrystalline polymers
are developed in Section 3. Adjustable parameters in the stress–
strain relations are found in Section 4. Results of numerical simu-
lation are presented in Section 5. Concluding remarks are formu-
lated in Section 6.2. Experimental procedure
Isotactic polypropylene Moplen HP 400R (density 0.905 g/cm3,
melt ﬂow rate 25 g/10 min) was purchased from Albis Plastic Scan-
dinavia AB (Sweden). Dumbbell specimens for tensile tests (ASTM
standard D-638) with cross-sectional area 10.2 mm  4.2 mm
were molded by using injection-molding machine Arburg 320C.
Mechanical tests were conducted by means of universal testing
machine Instron-5569 equipped with an electro-mechanical sen-
sor for control of longitudinal strains in the active zone of samples.
Tensile force was measured by 5 kN load cell. The engineering
stress r was determined as the ratio of axial force to cross-sec-
tional area of specimens in the stress-free state.
The experimental program included three series of tests per-
formed at room temperature. Each test was conducted on a virgin
specimen.
The ﬁrst series involved tensile tests with cross-head speed
10 mm/min (which corresponded to strain rate _ ¼ 2 103s1)
and maximum strain max = 0.12. Tests were repeated three times
to assess repeatability of experimental data. Observations showed
that the maximum deviation between stresses measured on differ-
ent samples did not exceed 2%.
The other series involved seven relaxation tests performed after
tension up to a ﬁxed maximum elongation dmax and retraction
down to various stresses rmin. In each test, a specimen was
stretched with cross-head speed 10 mm/min up to dmax = 10 mm
Fig. 2. Stress r versus relaxation time t0 . Symbols: experimental data in relaxation
tests on specimens subjected to tension up to maximum strain max = 0.1 and
subsequent unloading down to various minimum stresses rmin MPa. Solid lines:
results of numerical simulation.
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with the same cross-head speed down to a required stress rmin.
Afterwards, the strain  was preserved constant, and stress r was
monitored as a function of time t. Following the ASTM protocol
E-328 for short-term relaxation tests, duration of relaxation tests
trel = 20 min was chosen. Experiments were carried out with mini-
mum stresses under retraction rmin = 1, 5, 10, 15, 20, 25, and
28 MPa.
The last series involved three relaxation tests performed after
tension up at various maximum elongations dmax and retraction
down to a ﬁxed stress rmin. In each test, a specimen was stretched
with cross-head speed 10 mm/min up to a required value of dmax,
and unloaded with the same cross-head speed down to stress
rmin = 1 MPa. Afterwards, the strain  was preserved constant,
and growth of stress r was monitored as a function of time t.
Experiments were carried out with dmax = 2.5, 5, and 10 mm, which
corresponded to maximum strains max = 0.023, 0.043, and 0.094.
The cross-head speed _d for cyclic deformation was chosen as a
compromise between two requirements. On the one hand, the
strain rate _ should be as large as possible to neglect the effect of
material viscoelasticity on stress–strain diagrams and the inﬂu-
ence of pre-loading program on the time-dependent response in
relaxation tests. On the other hand, the strain rate should be as
small as possible to ensure repeatability of observations in cyclic
tests (deviations between maximum strains max in cyclic tests
on different specimens noticeably grow with cross-head speed,
see observations reported in Fig. 1).
The maximum strain max = 0.12 in tensile tests and that in
relaxation tests on pre-loaded samples max = 0.1 were chosen to
ensure applicability of a constitutive model with small strains to
the analysis of experimental data.
Observations in mechanical tests are reported in Figs. (1-4).
Experimental stress–strain curves for uniaxial tension and cyclic
deformation (loading–unloading with dmax = 10 mm) are depicted
in Fig. 1. Appropriate relaxation curves are presented in Fig. 2,
where engineering stress r is plotted versus relaxation time t0.
Stress–strain diagrams for loading–unloading with various maxi-
mum elongations dmax are depicted in Fig. 3. Observations in relax-
ation tests on samples subjected to cyclic pre-loading withFig. 1. Stress r versus strain . Symbols: experimental data in cyclic tests with
strain rate _ ¼ 2 103 s1, maximum strain max = 0.1, and various minimum
stresses rmin MPa. Solid lines: results of numerical simulation.minimum stress rmin = 1 MPa are given in Fig. 4. Following com-
mon practice, semi-logarithmic plots are chosen to present exper-
imental data in relaxation tests with log = log10. The following
conclusions are drawn from these ﬁgures:
1. The stress–strain diagrams at loading and unloading are
strongly nonlinear.
2. Residual strain res, deﬁned as the strain at which tensile stress
r vanishes under retraction, noticeably (by a factor of 20)
increases with maximum strain per cycle max (from
1.71  103 at max = 0.023 to 3.46  102 at max = 0.105).
3. Relaxation curves of samples subjected to cyclic pre-loading
with max  0.1 are strongly affected by minimum stress rmin.
When rmin is close to the yield stress ry, deﬁned as the
maximum stress reached under tension, relaxation curvesFig. 3. Stress r versus strain . Symbols: experimental data in cyclic tests with
strain rate _ ¼ 2 103 s1, various maximum strains max, and minimum stress
rmin = 1 MPa. Solid lines: results of numerical simulation.
Fig. 4. Stress r versus relaxation time t0 . Symbols: experimental data in relaxation
tests on specimens subjected to tension up to various maximum strains max and
subsequent unloading down to stress rmin = 1 MPa. Solid lines: results of numerical
simulation.
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dition 10 MPa 6 rmin 6 20 MPa, mixed relaxation is observed,
when r increases with t0, reaches its maximum, and decreases
afterwards. When rmin < 10 MPa, polypropylene reveals inverse
relaxation with a monotonic growth of stress.
4. Observations in tests with rmin = 1 MPa show substantial effect
of maximum strain per cycle on relaxation curves. The amount
of relaxed stress noticeably (by a factor of 4) increases with max
(from 1.29 MPa at max = 0.023 to 4.97 MPa at max = 0.094).
3. Constitutive model
A semicrystalline polymer is treated as a two-phase composite,
where crystalline inclusions are distributed in an amorphous ma-
trix. Amorphous and crystalline phases are modeled as viscoelas-
to-plastic media. Both phases are thought of as incompressible
continua. The incompressibility hypothesis is in accord with our
observations on the same grade of polypropylene in uniaxial ten-
sile tests with two extensometers for measurement of longitudinal
and transverse strains (Drozdov, 2010b), which show that Pois-
son’s ratio of this polymer equals m = 0.482.
3.1. Kinematics of plastic deformations
To describe the inelastic response of amorphous (m = 1) and
crystalline (m = 2) phases at small strains, the strain tensor for
macro-deformation ^ is split into the sums of appropriate elastic,
^em, and plastic ^pm, strain tensors
^ ¼ ^e1 þ ^p1; ^ ¼ ^e2 þ ^p2: ð2Þ
The amorphous phase is modeled as an equivalent non-afﬁne net-
work of chains bridged by junctions. Non-afﬁnity means that junc-
tions slide with respect to their reference positions under
deformation. The strain rate for plastic deformation in the amor-
phous phase d^p1=dt is proportional to the deviatoric component
r^01 of an appropriate stress tensor r^1,
d^p1
dt
¼ wr^01: ð3Þ
The strain rate for plastic deformation in the crystalline phase
d^p2=dt is proportional to the strain rate for macro-deformationd^p2
dt
¼ /d^
dt
: ð4Þ
The functions 0 6 /(t) 6 1 and w(t)P 0 will be deﬁned in what
follows.
3.2. Strain energy density of the amorphous phase
The amorphous matrix is treated as an inhomogeneous tran-
sient network of chains. Two types of chains are distinguished:
permanent and temporary (Tanaka and Edwards, 1992). Denote
by N1P and N1T numbers of permanent and active temporary chains
per unit volume, respectively. Permanent chains do not detach
from their junctions, whereas temporary chains are rearranged.
When an end of an active temporary chain separates from its junc-
tion at some instant s1, the chain is transformed into the dangling
state. When the free end of a dangling chain merges with the net-
work at instant s2 > s1, the chain returns into the active state.
Attachment and detachment of temporary chains occur at random
times being driven by thermal ﬂuctuations.
An inhomogeneous network consists of meso-regions with var-
ious activation energies for rearrangement of chains. The rate of
separation of active chains from their junctions C1 in a meso-do-
main with activation energy u in the stress-free network is gov-
erned by the Eyring equation
C1 ¼ c1 exp 
u
kBT
 
;
where c1 stands for an attempt rate, T is the absolute temperature,
and kB denotes Boltzmann’s constant. Conﬁning ourselves to iso-
thermal processes at a ﬁxed temperature T and introducing dimen-
sionless energy v = u/(kBT), we obtain
C1 ¼ c1 expðvÞ: ð5Þ
Cyclic deformation of a semicrystalline polymer induces inter-
lamellar separation, rotation and twist of lamellae, ﬁne (homoge-
neous shear of layer-like crystalline structures) and coarse (hetero-
geneous inter-lamellar sliding) slip of lamellar blocks (Machado
et al., 2009), chain slip through the crystals, sliding of tie chains
along and their detachment from lamellar blocks, and detachment
of chain folds and loops from surfaces of crystal blocks (Hiss
et al., 1999). The effect of these transformations on the viscoelastic
response of amorphous phase is treated as mechanically induced
changes in the rate of rearrangement c1 and activation energies v
of meso-regions. Activation energy of a meso-domain (with energy
v in the reference state) at instant tP 0 is given by
v 0ðtÞ ¼ A1ðtÞv ; ð6Þ
where the coefﬁcient A1 equals unity in the reference state. Inser-
tion of Eq. (6) into Eq. (5) results in
C1ðt; vÞ ¼ c1ðtÞ exp½A1ðtÞv ; ð7Þ
where the functions c1(t) and A1(t) will be deﬁned later.
Rearrangement of a transient network is described by a function
n1(t,s,v) that equals the number (per unit volume) of temporary
chains at time tP 0 that have returned into the active state before
instant s 6 t and belong to a meso-domain with activation energy v
in the reference state. In particular, the number of active tempo-
rary chains in meso-domains with activation energy v at time t
reads n1(t, t,v), and the number of temporary chains that were ac-
tive in the initial state and have not separated from their junctions
until time t is given by n1(t,0,v). The number of temporary chains
that were active at the initial instant and detach from their junc-
tions within the interval [t, t + dt] reads @n1/@t(t,0,v)dt, the num-
ber of dangling chains that return into the active state within the
interval [s,s + ds] is given by P1(s,v)ds with
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@s
ðt; s; vÞjt¼s; ð8Þ
and the number of temporary chains (per unit volume) that merged
(for the last time) with the network within the interval [s,s + ds]
and detach from their junctions within the interval [t, t + dt] equals
@2n1/@t@ s(t,s,v)dtds.
The number of active temporary chains (per unit volume) in
meso-domains with activation energy v at time t is presented in
the form
n1ðt; t;vÞ ¼ N1Tf1ðvÞ; ð9Þ
where f1(v) stands for the distribution function of meso-regions
with various activation energies.
Detachment of active chains from their junctions is described
by the kinetic equations
@n1
@t
ðt;0;vÞ ¼ C1ðt; vÞn1ðt;0; vÞ;
@2n1
@t@s
ðt; s;vÞ ¼ C1ðt;vÞ @n1
@s
ðt; s; vÞ; ð10Þ
which state that the rate of transformation of active chains into the
dangling state is proportional to the number of active chains in an
appropriate meso-region. Integration of Eq. (10) with initial condi-
tions (8) and (9) implies that
n1ðt;0;vÞ ¼ N1Tf1ðvÞ exp 
Z t
0
C1ðs;vÞds
 
;
@n1
@s
ðt; s; vÞ ¼ N1Tf1ðvÞC1ðs;vÞ exp 
Z t
s
C1ðs;vÞds
 
: ð11Þ
The strain energy of a chain is determined by the classical formula
w ¼ 12 l1^e1 : ^e1, where l1 stands for rigidity of a chain, the colon
denotes convolution, and the strain tensor for elastic deformations
^e1 is given by Eq. (2). Under the assumption that the energy of in-
ter-chain interaction is accounted for by the incompressibility con-
dition, the strain energy density per unit volume of an equivalent
network is calculated as the sum of strain energies of active chains
W1ðtÞ¼12 l1 N1Pþ
Z 1
0
n1ðt;0;vÞdv
 
^e1ðtÞ : ^e1ðtÞ

þ
Z 1
0
dv
Z t
0
@n1
@s
ðt;s;vÞ ^e1ðtÞ ^e1ðsÞ
 
: ^e1ðtÞ ^e1ðsÞ
 
ds

:
ð12Þ
The ﬁrst term in Eq. (12) equals the sum of strain energies of perma-
nent chains and temporary chains that have not been rearranged
within the interval [0, t], whereas the last term expresses the strain
energy of chains that have last merged with the network at various
instants s 2 [0, t] in meso-regions with various activation energies v.
It is presumed that stresses totally relax in dangling chains before
they merge with the network, which implies that the strain energy
(at time t) of a chain transformed into the active state at time s de-
pends on relative elastic strain tensor ^e1ðt; sÞ ¼ ^e1ðtÞ  ^e1ðsÞ.
3.3. Strain energy density of the crystalline phase
The crystalline phase is treated as an equivalent composite
medium, where inclusions of rigid amorphous phase are
distributed in an viscoplastic matrix formed by spherulites. The
time-dependent response of the crystalline phase is attributed to
cooperative relaxation in the rigid amorphous phase. The latter is
described within the trapping concept of cooperative relaxation
(Monthus and Bouchaud, 1996; Sollich, 1998). Inclusions of rigid
amorphous phase are modeled as cooperatively rearranging re-
gions with various activation energies for rearrangement. In the
phase space, the rearrangement process is treated as a sequenceof random hops of cooperatively rearranging regions (CRRs) from
one local equilibrium state on the energy landscape to another.
According to the transition-state theory (Goldstein, 1969), rear-
rangement occurs when a region hops into a liquid-like (reference)
state and lands from the high-energy state into a new potential
well.
With reference to Drozdov (2000), where equivalence of the
concepts of transient polymer networks and cooperative relaxation
has been demonstrated, we write the strain energy density of the
crystalline phase in the form
W2ðtÞ¼12 l2 N1Sþ
Z 1
0
n2ðt;0;vÞdv
 
^e2ðtÞ : ^e2ðtÞ

þ
Z 1
0
dv
Z t
0
@n2
@s
ðt;s;vÞ ^e2ðtÞ ^e2ðsÞ
 
: ^e2ðtÞ ^e2ðsÞ
 
ds

;
ð13Þ
where l2 stands for elastic modulus of a cooperatively rearranging
region, l2N1S denotes elastic modulus of spherulites, and n2(t,s,v) is
the number (per unit volume) of CRRs at time tP 0 that have last
been rearranged before instant s 6 t and had activation energy v
in the reference state. The function n2(t,s,v) is determined by the
formulas similar to Eq. (11),
n2ðt;0; vÞ ¼ N1Cf2ðvÞ exp 
Z t
0
C2ðs;vÞds
 
;
@n2
@s
ðt; s;vÞ ¼ N1Cf2ðvÞC2ðs; vÞ exp 
Z t
s
C2ðs;vÞds
 
; ð14Þ
where N1C is the number of CRRs per unit volume of a semicrystal-
line polymer, f2(v) stands for distribution function of cooperatively
rearranged regions with various activation energies v in the refer-
ence state, and C2(t,v) denotes rate of rearrangement (the number
of hops per unit time, in which rearrangement of CRRs occurs). The
effect of deformation on the rate of rearrangement C2 is accounted
for by the analog of Eq. (7),
C2ðt; vÞ ¼ c2ðtÞ exp½A2ðtÞv ; ð15Þ
where c2(t) and A2(t) are non-negative functions.
3.4. Stress–strain relations
The strain energy density (per unit volume) of a semicrystalline
polymerW equals the sum of strain energy densities of amorphous
and crystalline phases
W ¼ W1 þW2: ð16Þ
Eq. (16) implies that the energy of interaction between phases in ac-
counted for by means of the incompressibility condition only. Dif-
ferentiation of Eq. (16) with respect to time implies that
dW
dt
ðtÞ ¼ l1 ðN1P þ N1TÞ^e1ðtÞ 
Z 1
0
dv
Z t
0
@n1
@s
ðt; s;vÞ^e1ðsÞds
 
:
d^e1
dt
ðtÞ þ l2 ðN2S þ N2CÞ^e2ðtÞ


Z 1
0
dv
Z t
0
@n2
@s
ðt; s;vÞ^e2ðsÞds

:
d^e2
dt
ðtÞ  JðtÞ; ð17Þ
where we use Eqs. (11)–(14), and introduce the notation
JðtÞ ¼ 1
2
X2
m¼1
lm
Z 1
0
Cmðt; vÞnmðt;0; vÞdv ^emðtÞ : ^emðtÞ

þ
Z 1
0
Cmðt; vÞdv
Z t
0
@nm
@s
ðt; s;vÞ ^emðtÞ  ^emðsÞ
 
: ^emðtÞ  ^emðsÞ
 
ds
	
P 0:
For isothermal deformation of an incompressible medium, the Clau-
sius–Duhem inequality reads
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dt
þ r^0 : d^
dt
P 0; ð18Þ
where Q is internal dissipation per unit volume and unit time,
r^ ¼ r^1 þ r^2 is the stress tensor (with r^m denoting the stress tensor
in themth phase), and prime stands for the deviatoric component of
a tensor.
Substituting Eq. (17) into Eq. (18) and using Eqs. (2) and (4), we
ﬁnd that the second law of thermodynamics is satisﬁed for an arbi-
trary deformation program, provided that
r^ ¼ pbI þ r^01 þ r^02; ð19Þ
where p stands for an unknown pressure, bI denotes the unit tensor,
and the deviatoric components of stress tensors in amorphous and
crystalline phases read
r^01ðtÞ ¼ l1 ðN1P þ N1TÞ^e1ðtÞ 
Z 1
0
dv
Z t
0
@n1
@s
ðt; s; vÞ^e1ðsÞds
 
;
r^02ðtÞ ¼ l2½1 /ðtÞ ðN2S þ N2CÞ^e2ðtÞ


Z 1
0
dv
Z t
0
@n2
@s
ðt; s;vÞ^e2ðsÞds

: ð20Þ
Combination of Eqs. (18)–(20) results in the inequality
QðtÞ ¼ wðtÞr^01ðtÞ : r^01ðtÞ þ JðtÞP 0:
Substituting Eqs. (11) and (14) into Eq. (20) and introducing the
notation
l1 ¼ l1ðN1P þ N1TÞ; l2 ¼ l2ðN1S þ N1CÞ;
j1 ¼ N1P=ðN1P þ N1TÞ; j2 ¼ N1C=ðN1S þ N1CÞ;
we ﬁnd that
r^0mðtÞ ¼ ~lm ^emðtÞ  jm
Z 1
0
fmðvÞdv
Z t
0
Cmðs;vÞ

 exp 
Z t
s
Cmðs; vÞds
 
^emðsÞds

; ð21Þ
where ~l1 ¼ l1; ~l2 ¼ l2ð1 /Þ, and l1 and l2 are equivalent elastic
moduli of amorphous and crystalline phases. True elastic moduli of
the amorphous matrix and crystallites read l1/(1  v) and l2/v,
where v stands for degree of crystallinity.
3.5. Adjustable parameters
An arbitrary three-dimensional deformation of a semicrystal-
line polymer is described by stress–strain relations (19) and (21)
together with kinematic Eqs. (2)–(4) and formulas (7) and (15)
for rates of rearrangement. These relations involve 8 adjustable
functions /(t), w(t), fm(v), cm(t), and Am(t) (m = 1,2).
The coefﬁcient of proportionality / between the rate of slip of
lamellae blocks and the rate of macro-deformation obeys the con-
ditions: (i) / equals zero in the reference state (which means that
ﬁne and coarse slips of crystallites do not occur at very small defor-
mations), (ii) it monotonically increases with strain and tends to
some ultimate value /1 6 1 under active loading (this reﬂects
acceleration of plastic ﬂow under deformation), and (iii) / mono-
tonically decreases under retraction (the latter characterizes slow-
ing down of the viscoplastic ﬂow in spherulites at unloading).
These requirements are fulﬁlled when evolution of / with time is
governed by the differential equation
d/
dt
¼ a 1 Keqp2  /

 2
_eq; ð22Þ
where signs ‘‘+” and ‘‘” correspond to active loading and retrac-
tion, respectively, a and K are dimensionless parameters,
_eq ¼ 23 d^dt : d^dt
 1
2 stands for the equivalent strain rate for macro-
deformation, and eqp2 ¼ 23 ^p2 : ^p2
 1
2 denotes intensity of plasticdeformation in the crystalline phase. For observations in uniaxial
tensile tests, which are the main subject of this study, loading and
unloading of a semicrystalline polymer are deﬁned uniquely. For
an arbitrary three-dimensional deformation, these regimes are dis-
tinguished following the approach suggested by Xia et al. (2005).
Eq. (22) with K = 0 is a conventional kinetic equation of the sec-
ond order. To justify this order, one can speculate that ﬁne and
coarse slips of lamellae blocks accelerate sliding of junctions be-
tween chains in the amorphous phase, which, in turn, leads to an
increase in the rate of plastic ﬂow in crystallites. The coefﬁcient
a in Eq. (22) is treated as a constant. To distinguish the kinetics
of plastic deformation in the crystalline phase under loading and
retraction, it is assumed that K equals a positive constant K0 under
loading and vanishes under unloading.
The function w that describes sliding of junctions in the amor-
phous matrix is given by
w ¼ b
l1
_eq; ð23Þ
where b is a piece-wise constant dimensionless coefﬁcient. This
coefﬁcient accepts different values b0 and b1 under loading and
retraction. The parameter b0 is treated as a material constant,
whereas b1 is presumed to depend on intensity of plastic strain in
the crystalline phase eqp2max at the instant when retraction starts.
This dependence is described by the phenomenological equation
log b1 ¼ B0  B1 log eqp2max; ð24Þ
where B0 and B1 are constant coefﬁcients.
With reference to the random energy model (Derrida, 1980), the
quasi-Gaussian formulas are adopted for the distribution functions,
fmðvÞ ¼ f 0m exp 
v2
2R2m
 !
ðv P 0Þ; f mðvÞ ¼ 0 ðv < 0Þ: ð25Þ
An advantage of Eq. (25) is that each distribution function is charac-
terized by the only parameter Rm > 0. The pre-factor f 0m is deter-
mined from the normalization condition
R1
0 fmðvÞdv ¼ 1.
The rate of separation of active chains from their junctions c1 is
treated as a material constant. The attempt rate for rearrangement
of the crystalline phase c2 is presumed to be a function of intensity
of plastic strain in spherullites. With reference to the Eyring theory
of thermo-mechanically activated processes, we write
log c2 ¼ g0 þ g1eqp2; ð26Þ
where g0 and g1 are experimental constants.
The effect of plastic deformation in the crystalline phase on evo-
lution of relaxation spectra of amorphous and crystalline regions is
described by the linear equations
A1 ¼ A10 þ A11eqp2; A2 ¼ A20 þ A21eqp2; ð27Þ
where A10, A11, A20, and A21 are constants.
Stress–strain relations (2), (3), (4), (7), (15), (19) and (21) to-
gether with phenomenological Eqs. (22)–(27) involve 18 material
constants with transparent physical meaning:
1. l1 and l2 are elastic moduli of amorphous and crystalline
phases,
2. j1 and j2 determine concentrations of rearranging units in the
amorphous matrix and crystallites,
3. a and K0 characterize viscoplastic ﬂow in the amorphous phase,
4. b0, B0, and B1 describe viscoplastic ﬂow in the crystalline phase,
5. R1, R2 determine relaxation spectra of amorphous and crystal-
line phases,
6. c1, g0 and g1 describe rates of rearrangement in amorphous and
crystalline regions,
Table 1
Adjustable parameters in the constitutive equations.
Parameter Dimension Value Remark
E1 GPa 0.62
E2 GPa 1.36
a 25.0
K0 1.00
b0 84.0
B0 0.12
B1 1.09
j1 0.70
j2 0.35
R1 2.70
R2 7.40
c1 s1 0.48
g0 s1 2.61
g1 s1 18.2
A10 1.41 Sub-yield
A11 211.6 Sub-yield
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driven by ﬁne and coarse slips of lamellae blocks.
Although the number of adjustable parameters is not small, it is
quite comparable with that in other constitutive models for the
time-dependent response of solid polymers under strain reversal
(for example, the stress–strain relations developed by Khan
(2006) contain 16 material constants). An advantage of the present
model is that its parameters can be found by ﬁtting loading,
unloading, and relaxation paths of stress–strain diagrams step by
step. Such a procedure ensures that not more than four constants
are determined simultaneously.
4. Fitting of observations
Material constants in the constitutive equations are found by
ﬁtting the observations depicted in Figs. 1–4. Each set of experi-
mental data is approximated separately.
4.1. Uniaxial deformations
We begin with simpliﬁcation of the stress–strain relations for
uniaxial tension of an incompressible medium, when the strain
tensor for macro-deformation reads
^ðtÞ ¼ ðtÞ e1e1  12 ðe2e2 þ e3e3Þ
 
: ð28Þ
Here (t) is an arbitrary function of time, and ek (k = 1,2,3) are unit
vectors of a Cartesian coordinate frame. The strain tensors ^e1, ^p1,
^e2, ^p2 are given by Eq. (28) with coefﬁcients e1, p1, e2, p2,
respectively. Substituting these expressions into Eqs. (19) and (21)
and assuming tensors r^m (m = 1,2) to be presented in the form
r^mðtÞ ¼ rmðtÞe1e1; ð29Þ
where r1(t) and r2(t) are tensile stresses in amorphous and crystal-
line phases, we ﬁnd that
rðtÞ ¼ r1ðtÞ þ r2ðtÞ;
rmðtÞ ¼ ~Em emðtÞ  jm
Z 1
0
fmðvÞZmðt; vÞdv
 
: ð30Þ
Here ~E1 ¼ E1; ~E2 ¼ E2ð1 /Þ, and Em ¼ 32lm stand for Young’s mod-
ulus of the mth phase, and the functions
ZmðtÞ ¼
Z t
0
Cmðs;vÞ exp 
Z t
s
Cmðs; vÞds
 
emðsÞds ð31Þ
obey the differential equations
@Zm
@t
ðt; vÞ ¼ Cmðt;vÞ½emðtÞ  Zmðt;vÞ; Zmð0; vÞ ¼ 0: ð32Þ
In follows from Eqs. (2)–(4) (23), and (29) that
emðtÞ ¼ ðtÞ  pmðtÞ; ð33Þ
where pm are governed by the equations
dp1
dt
¼ br1
E1
d
dt
 ; dp2dt ¼ /ddt ; p1ð0Þ ¼ p2ð0Þ ¼ 0; ð34Þ
and / satisﬁes the equation
d/
dt
¼ að1 Kp2  /Þ2 ddt ; /ð0Þ ¼ 0: ð35Þ
A10 5.73 Post-yield
A11 101.6 Post-yield
A20 0.75 Sub-yield
A21 14.50 Sub-yield
A20 1.32 Post-yield
A21 19.5 Post-yield4.2. Loading
We begin with ﬁtting the loading path of the stress–strain curve
with max = 0.1 and rmin = 1 MPa (Fig. 1). Disregarding viscoelasticphenomena (the latter seems acceptable as the duration of stretch-
ing equals 1 min, while observations in relaxation tests show
noticeable changes in stress within the interval of 20 min), we
present Eq. (30) in the form
rðtÞ ¼ r1ðtÞ þ r2ðtÞ; rmðtÞ ¼ ~EmemðtÞ: ð36Þ
The following algorithm is applied to ﬁnd adjustable parameters E1,
E2, a, b = b0, and K = K0 in Eqs. (33)–(36). We ﬁx some intervals
[0,a0], [0,b0], and [0,K0], where the best-ﬁt values of a, b, and K
are located, and divide these intervals into J = 10 sub-intervals by
the points a(i) = iDa, b(j) = jDb, and K(k) = kDK with Da = a0/J,
Db = b0/J, DK = K0/J (i, j,k = 0,1, . . . , J  1). For each triplet
{a(i), b(j), K(k)}, Eqs. (33)–(36) are integrated over time numerically
by the Runge–Kutta method with step Dt = 0.1 s and d/
dt = 2.0  103 s1. Moduli E1 and E2 are calculated by the least-
squares technique from the condition of minimum of the function
F ¼
X
a
rexpðaÞ  rnumðaÞ½ 2;
where summation is performed over all strains a at which the
observations are reported, rexp is the stress measured in the test,
and rnum is given by Eq. (36). The best-ﬁt quantities a, b, and K
are found from the condition of minimum of F. Afterwards, the ini-
tial intervals are replaced with new intervals [a  Da, a + Da],
[b  Db, b + Db], [K  DK, K + DK], and the calculations are re-
peated. Material constants E1, E2, a, b0 and K0 are listed in Table 1.
4.3. Unloading
We proceed with matching the retraction path of the stress–
strain diagrams with max = 0.1 and rmin = 1 MPa, for which we
set b = b1 and K = 0 in Eqs. (34) and (35). The only material param-
eter b1 is determined by means of the following algorithm. We ﬁx
an interval [0,b0], where the best-ﬁt value of b1 is located, and di-
vide this interval into J = 10 sub-intervals by the points b(i) = iDb
with Db = b0/J (i = 0,1, . . . , J  1). For each b(i), Eqs. (33)–(36) are
integrated numerically from  = 0 to  = max (with d/
dt = 2.0  103 s1) and from  = max to r = rmin (with d/
dt = 2.0  103 s1). Integration over time is conducted by the
Runge–Kutta method with step Dt = 0.1 s and material constants
E1, E2, a, b0, and K0 reported in Table 1. The best-ﬁt value of b1 is
found from the condition of minimum of function F. Afterwards,
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b], and the calculations are repeated.
When b1 is found by matching observations in a test with
rmin = 1 MPa, simulation is performed of loading–unloading dia-
grams for all tests whose results are depicted in Fig. 1 (as the
stress–strain curves reported in this ﬁgure are distinguished by
small variations in max only, the same value of b1 is employed in
numerical analysis). Fig. 1 demonstrates good agreement between
the observations and the results of simulation.
Afterwards, the same ﬁtting procedure is applied to approxima-
tion of experimental data depicted in Fig. 3. This ﬁgure also shows
that the results of numerical simulation are in good accord with
observations.
The best-ﬁt value of b1 is plotted in Fig. 5 versus maximum plas-
tic strain in crystallites p2max (the latter quantity is determined by
integration of the constitutive equations from  = 0 to  = max). The
data are approximated by Eq. (24), where the coefﬁcients B0 and B1
are calculated by the least-squares technique. Fig. 5 reveals that Eq.
(24) with coefﬁcients collected in Table 1 correctly describes the
experimental dependence b1ðp2maxÞ.
4.4. Relaxation
It follows from Eqs. (33)–(35) that in a relaxation test with a
strain 0, the strains e1 ¼ 0e1; p1 ¼ 0p1; e2 ¼ 0e2, and p2 ¼ 0p2 re-
main constant at tP t0, where t0 stands for the instant when relax-
ation starts. Integrating Eq. (31) and disregarding t0 compared with
current time t, we obtain
Zmðt;vÞ ¼ 0em 1 exp C0mðvÞt

 h i
;
where
C0mðvÞ ¼ c0m exp A0mv

 
; ð37Þ
in accord with Eqs. (7), (15), and coefﬁcients c0m and A
0
m are deter-
mined by Eqs. (26) and (27). Insertion of this expression into Eq.
(30) yields
rðtÞ ¼
X2
m¼1
r0m 1 jm
Z 1
0
fmðvÞ 1 expðC0mðvÞtÞ

 
dv
 
; ð38Þ
where r0m ¼ Em0em, and fm(v) is given by Eq. (25).Fig. 5. Parameter b1 versus plastic strain in the crystalline phase at the instant
when retraction starts p2max. Circles: treatment of experimental data in cyclic tests
with various maximum strains max. Solid line: approximation of the data by Eq.
(24).To determine adjustable parameters R1, R2, j1, and j2, preli-
minary approximation of relaxation curves (Fig. 2) is carried out
by means of the following procedure. We analyze the data in tests
with rmin = 28 MPa (monotonic decrease in stress) and rmin = 1 M-
Pa (monotonic growth of stress) and presume that relaxation pro-
cesses in the crystalline phase in the ﬁrst test, and in the
amorphous phase in the other test are negligible. Setting addition-
ally A01 ¼ A02 ¼ 1, we ﬁnd that stress relaxation in the ﬁrst test is de-
scribed by the formula
rðtÞ ¼ r01 1 j1
Z 1
0
f1ðvÞ 1 expðc01 expðvÞtÞ
 
dv
 
þ r02;
ð39Þ
and stress relaxation in the other test is governed by the equation
rðtÞ ¼ r01 þ r02 1 j2
Z 1
0
f2ðvÞ 1 expðc02 expðvÞtÞ
 
dv
 
:
ð40Þ
Material constants R1 and j1 are found by means of the following
algorithm. We ﬁx some intervals [0,R0] and [0,j0], where the
best-ﬁt values of R1 and j1 are located, and divide these intervals
into J = 10 sub-intervals by the points R(i) = iDR and j(j) = jDj with
DR = R0/J,Dj = j0/J (i, j = 0,1, . . . , J  1). For each pair {R(i),j(j)}, the
integral in Eq. (39) is calculated numerically by the Simpson meth-
od with step Dv = 0.1 and M = 200 steps. Coefﬁcients r01 and r02 are
determined by integration of stress–strain relations (33)–(36) from
 = 0 to  = max and from  = max to r = rmin with the material con-
stants listed in Table 1. The best-ﬁt quantities R1 and j1 are found
from the condition of minimum of function
F ¼
X
a
rexpðtaÞ  rnumðtaÞ½ 2;
where summation is performed over all instants ta at which the
observations are reported in Fig. 2, rexp is the stress measured in
the test, and rnum is given by Eq. (39). Afterwards, the initial inter-
vals are replaced with new intervals [R  DR,R + DR],
[j  Dj,j + Dj], and the calculations are repeated.
Adjustable parameters R2 and j2 are determined by ﬁtting the
relaxation curve with rmin = 1 MPa with the help of Eq. (40). Mate-
rial constants R1, R2, j1, and j2 are collected in Table 1.
We proceed with approximation of the experimental data in
relaxation tests reported in Figs. 2 and 4. Each set of observations
is matched separately by using the following algorithm. First, inte-
gration of Eqs. (33)–(36) is performed from  = 0 to  = max and
from  = max to r = rmin with the adjustable parameters listed in
Table 1, and the quantities r01; r02, and 0p2 are determined.
Each relaxation curve is characterized by four material con-
stants: c01; c02; A
0
1, and A
0
2. To ﬁnd these quantities, we ﬁx some
intervals ½0; c01; ½0; c02; ½0;A01; and ½0;A02, where these parameters
are located, and divide these intervals into J = 10 sub-intervals by
the points cðiÞ1 ¼ iDc1; cðjÞ2 ¼ jDc2; AðkÞ1 ¼ kDA1, and AðlÞ2 ¼ lDA2, with
Dc1 ¼ c01=J; Dc2 ¼ c20=J; DA1 ¼ A01=J; DA2 ¼ A02=Jði; j; k; l ¼ 0; 1; . . . ;
J  1Þ. For each set cðiÞ1 ; cðjÞ2 ; AðkÞ1 ; AðlÞ2
n o
, the integrals in Eq. (38) are
calculated numerically by the Simpson method with step
Dv = 0.1 and M = 200 steps. The best-ﬁt values of adjustable
parameters are found from the condition of minimum of function
F. Afterwards, the initial intervals are replaced with new intervals
[c1  Dc1, c1 + Dc1], [c2  Dc2, c2 +Dc2], [A1  DA1, A1 + DA1],
[A2  DA2, A2 + DA2], and the calculations are repeated.
Figs. 2 and 4 demonstrate excellent agreement between the
observations in relaxation tests and the results of numerical
simulation.
Dependencies of c1 and c2 on plastic strain in the crystalline
phase p2 are depicted in Fig. 6. The data for c1 are approximated
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g1 are calculated by the least-squares method (material constants
c1, g0, and g1 are collected in Table 1). Fig. 6 demonstrates good
agreement between the data and their approximations by Eq. (26).
Adjustable parameters A1 and A2 are plotted versus p2 in Fig. 7,
where the data are approximated by Eq. (27) with coefﬁcients A10,
A11, A20, and A21 calculated by the least-squares method (these
quantities are collected in Table 1). Fig. 7 shows that Eq. (27) cor-
rectly approximates the data when different coefﬁcients Am0 and
Am1 (m = 1,2) are used below and above some critical plastic strain
crp2  0:02, which corresponds to the yield point on the stress–
strain diagrams.5. Numerical simulation
To demonstrate that the constitutive model with adjustable
parameters reported in Table 1 correctly describes the observa-
tions in cyclic tests and relaxation tests under retraction, we, ﬁrst,Fig. 7. Parameters A1 and A2 versus plastic strain in the crystalline phase at the
instant when relaxation starts p2. Circles: treatment of experimental data in
relaxation tests with max = 0.1. Solid lines: approximation of the data by Eq. (27).
Star and asterisk: treatment of experimental data in relaxation tests with
max = 0.025, and 0.05, respectively.
Fig. 6. Relaxation rates c1 and c2 versus plastic strain in the crystalline phase at the
instant when relaxation starts p2. Circles: treatment of experimental data in
relaxation tests with max = 0.1. Solid lines: approximation of the data by a constant
(A) and by Eq. (26) (B). Star and asterisk: treatment of experimental data in
relaxation tests with max = 0.025, and 0.05, respectively.perform numerical simulation of stress–strain diagrams in tensile
loading–unloading tests with strain rate _ ¼ 2 103 s1, maxi-
mum strains per cycle max = 0.02, 0.04, 0.06, 0.08, and 0.1, and
minimum stress rmin = 0 MPa. Unlike Figs. 1 and 3, where approx-
imation of observations was conducted without account for the
viscoelastic response, the data depicted in Fig. 8 are obtained by
integration of the entire set of constitutive equations. Fig. 8 dem-
onstrates that the model (i) correctly predicts viscoelasto-plasticity
of polypropylene in cyclic tests, and (ii) our neglect of the visco-
elastic response in the ﬁtting procedure does not lead to noticeable
discrepancies with observations in tensile tests.
To show that the stress–strain relations can predict the visco-
elastic response of semicrystalline polymers in short-term relaxa-
tion tests under retraction, simulation is carried out of relaxation
curves for specimens subjected to cyclic deformation with strain
rate _ ¼ 4 102 s1, maximum strain under tension max = 0.08
and minimum stresses under unloading rmin = 0, 5, 10, 15, 20,
and 25 MPa. Unlike observations reported in Fig. 2, results of
numerical analysis depicted in Fig. 9 are obtained for the relatively
large strain rate corresponding to cross-head speed 200 mm/min
typically used in conventional (without strain reversal) relaxation
tests. Numerical integration of the constitutive equations leads to
the same quantitative conclusions as the experimental data: (i)
at rmin = 25 MPa, simple relaxation is observed, (ii) when rmin be-
longs to the interval between 10 and 20 MPa, mixed relaxation oc-
curs, (iii) at stresses rmin below 10 MPa, polypropylene reveals
inverse relaxation.
To assess the kinetics of viscoelastic response of polypropylene
subjected to cyclic pre-loading in long-term (with duration 106 s)
tests where inverse relaxation is observed, numerical simulation
is conducted of the stress–strain relations for the deformation pro-
gram that involves tension with strain rate _ ¼ 4 102 s1 up to
maximum strains max = 0.02, 0.04, and 0.06, and retraction down
to the zero stress, after which tensile strain  is preserved constant.
Dependencies of stress r on relaxation time t0 are plotted in Fig. 10.
For short-term tests, these data are in quantitative agreement with
observations presented in Fig. 4 (where relaxation curves in tests
with a lower strain rate _ ¼ 2 103 s1 and rmin = 1 MPa are plot-
ted). Fig. 10 shows that duration of stress equilibration in inverse
relaxation tests substantially exceeds that for conventional relaxa-
tion tests: at max = 0.06, a noticeable decay in tensile stress with
time is observed after 1 day of relaxation only, whereas at smaller
maximum strains, no reduction in stress is visible within a week of
relaxation.Fig. 8. Stress r versus strain . Solid lines: results of numerical simulation for cyclic
tests with maximum strains max = 0.02, 0.04, 0.06, 0.08, and 0.1 and minimum
stress rmin = 0 MPa. Triangles: observations in a tensile test.
Fig. 11. Stress r versus strain . Symbols: results of numerical simulation for cyclic
tests on specimens subjected to tension with strain rate 1.0  103 s1 up to
maximum strain max = 0.06 and subsequent retraction with various strain rates _
down to minimum stress rmin = 0 MPa.
Fig. 9. Stress r versus relaxation time t0 . Symbols: results of numerical simulation
for relaxation tests on specimens subjected to tension with strain rate
_ ¼ 4:0 102 s1 up to maximum strain max = 0.08 and subsequent retraction
down to various minimum stresses rmin MPa.
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strongly affects stress–strain curves in cyclic tests on semicrystal-
line polymers (Kitagawa et al., 1995; Drozdov and Christiansen,
2004; Colak, 2005; Lai et al., 2005; Mizuno and Sanomura, 2009):
an increase in strain rate under retraction results in a noticeable
growth of residual strain observed as the strain at which tensile
stress vanishes. However, the inﬂuence of cross-head speed at
unloading on inverse relaxation has not yet been evaluated. To
examine this phenomenon, numerical simulation is performed of
stress relaxation in specimens subjected to tension with strain rate
_ ¼ 1 103 s1 and maximum strain max = 0.06, and retraction
down to the zero minimum stress rmin = 0 MPa with two strain
rates _ ¼ 5 105 and 5  101 s1. Appropriate stress–strain
curves are presented in Fig. 11 and relaxation curves in long-term
tests are depicted in Fig. 12. Fig. 11 demonstrates an increase (by
69%) in residual strain with _, which is in accord with available
experimental data. Fig. 12 shows that growth of strain rate under
retraction results in (i) strong (by a factor of 2.5) increase in the
maximum stress reached in the inverse relaxation process, andFig. 10. Stress r versus relaxation time t0 . Symbols: results of numerical simulation
for long-term relaxation tests on specimens subjected to tension with strain rate
_ ¼ 4:0 102 s1 up to various maximum strains max and subsequent retraction
down to minimum stress rmin = 0 MPa.(ii) substantial acceleration of stress relaxation: a decrease in r(t)
starts after a few hours when retraction is performed with strain
rate _ ¼ 5 101 s1, while no reduction in stress is observed
within a week when a specimen is unloaded with strain rate
_ ¼ 5 105 s1.
To demonstrate that the constitutive model predicts simple,
mixed, and inverse creep, simulation is performed of the viscoelas-
to-plastic behavior of polypropylene in uniaxial tests, where a
sample is stretched with strain rate _ ¼ 4:0 102 s1 up to maxi-
mum strain max = 0.06, and unloaded with the same strain rate
down to stresses rmin = 0, 5, 10, 15, 20, and 25 MPa. Afterwards,
the stress is preserved constant, and evolution of strain  is moni-
tored as a function of creep time t0 = t  t0, where t0 denotes the in-
stant when creep ﬂow starts. Dependencies of creep compliance
J =   0 (0 stands for tensile strain at instant t0) on creep time
are reported in Fig. 13. Numerical integration of the stress–strain
relations reveals that inverse creep is observed in tests with
rmin = 0 MPa, mixed creep occurs in tests with rmin belonging toFig. 12. Stress r versus relaxation time t0 . Symbols: results of numerical simulation
for long-term relaxation tests on specimens subjected to tension with strain rate
1.0  103 s1 up to maximum strain max = 0.06 and subsequent retraction with
various strain rates _ down to minimum stress rmin = 0 MPa.
Fig. 13. Creep compliance J versus creep time t0 . Symbols: results of numerical
simulation for creep tests on specimens subjected to tension with strain rate
_ ¼ 4:0 102 s1 up to maximum strain max = 0.06 and subsequent retraction
down to various minimum stresses rmin MPa.
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simple creep in tests with rmin exceeding 20 MPa.
To show that the creep compliance curves depicted in Fig. 13
are in qualitative agreement with observations [quantitative agree-
ment is not expected as the effect of strain rate on the viscoplastic
response of amorphous and crystalline phases is disregarded in the
model, while the latter is important for accurate predictions of
creep ﬂow, see Drozdov (2010b)], tensile tests were conducted,
where specimens were stretched with strain rate _ ¼ 2 103s1
up to the maximum strain max = 0.1 and unloaded down to stres-
ses rmin = 10, 20, and 24 MPa. Afterwards, tensile stresses were
preserved constant, and changes in strain  were monitored as
functions of time t. Following the protocol ASTM D–2990, duration
of short-term creep tests tcr = 20 min was chosen. Observations in
creep tests on pre-loaded samples are reported in Fig. 14, where
creep compliance J is plotted versus creep time t0.
Comparison of data presented in Figs. 13 and 14 demonstrates
similarity of shapes of experimental creep compliance curves andFig. 14. Creep compliance J versus creep time t0 . Symbols: experimental data in
creep tests on specimens subjected to tension with strain rate _ ¼ 2:0 103 s1 up
to maximum strain max = 0.1 and subsequent retraction down to various minimum
stresses rmin MPa.their predictions by the model. However, all modes of creep ﬂow
observed in tests on pre-loaded specimens are more intensive
compared with the results of numerical simulation. This conclu-
sion is in accord with the data depicted in Fig. 7 (this ﬁgure shows
that an increase in maximum strain per cycle max induces sub-
stantial acceleration of the viscoelastic response observed in relax-
ation tests).
Although creep tests provide important information about the
viscoelasto-plastic behavior of polymers under time-independent
stresses, they do not allow viscoelastic and viscoplastic compo-
nents of the mechanical response [in other words, recovery-con-
trolled and sliding-controlled mechanisms of plastic ﬂow
(Kurishita et al., 1989)] to be distinguished. The latter can be done
in the analysis of observations in strain transient dip tests, see, for
example, Shinozaki and Sargent (1978), Teoh et al. (1987), and Ben
Hadj Jai et al. (2007). In these tests, a specimen is subjected to ra-
pid stretching until tensile stress r reaches its initial value r1,
which is preserved constant within some interval whose duration
equals t1. Afterwards, the stress decreases to a new value r2 < r1,
which remains ﬁxed during time t2. Then the sample is stretched
until the stress reaches its new value r3 > r2, which is preserved
for time t3, etc. Loading and unloading are conventionally con-
ducted with a constant strain rate _ or a constant stress rate _r.
Observations in dip tests show that after stress decays from r1 to
r2, tensile strain becomes strongly affected by (i) difference
Dr = r1  r2 ( increases with time when Dr is small and de-
creases when Dr is sufﬁciently large) and (ii) rate of retraction
(rates of simple and inverse creep ﬂows grow when j _j decreases).
To demonstrate that the stress–strain relations capture these phe-
nomena, simulation is performed of two-step dip tests with strain
rate under tension _ ¼ 4:0 102 s1 , tensile stress r1 = 28 MPa
along the ﬁrst interval t1 = 10 min, various tensile stresses r2 along
the other interval with duration t2 = 50 min, and various strain
rates _ under retraction. Results of numerical analysis depicted in
Fig. 15 reveal an increase in tensile strain with time at Dr = 2 MPa
and its decrease at Dr = 27 MPa. It is shown that evolution of 
with time occurs more pronouncedly when unloading is performed
with lower strain rates, in accord with experimental data.
To demonstrate that the stress–strain relations can describe in-
verse relaxation after multi-axial loading–unloading program with
small strains, numerical simulation is performed of observations in
uniaxial and equi-biaxial relaxation tests on pre-loaded specimensFig. 15. Strain  versus time t. Symbols: results of numerical simulation for strain
transient dip tests with r1 = 28 MPa, t1 = 10 min, r2 = 26 MPa (A), and r2 = 1 MPa
(B). Stretching is performed with strain rate _ ¼ 4:0 102 s1. Retraction is
conducted with strain rate _ ¼ 4:0 102 s1 (solid line) and _ ¼ 4:0 104 s1
(circles).
Fig. 16. Stress r versus relaxation time t0 . Symbols: results of numerical simulation
for relaxation tests on specimens subjected to tension with strain rate
_ ¼ 4:0 102 s1 up to maximum strain max = 0.03 and subsequent retraction
down to minimum stress rmin = 0 MPa.
3232 A.D. Drozdov / International Journal of Solids and Structures 47 (2010) 3221–3233with _ ¼ 4:0 102 s1, max = 0.03 and rmin = 0. Predictions of the
constitutive model for medium-term relaxation tests with duration
104 s are depicted in Fig. 16, which shows that tensile stress in-
creases with time more pronouncedly under conditions of equi-
biaxial deformation than under uniaxial tension.6. Concluding remarks
Experimental data are reported on isotactic polypropylene in
uniaxial tests at room temperature, where specimens are subjected
to stretching up to various maximum strains, retraction down to
various minimum stresses, and short-term stress relaxation. A
strong effect of cyclic pre-loading on the time-dependent response
is demonstrated: (i) when the minimum strain under retraction 
is close to the maximum strain per cycle max, specimens demon-
strate simple relaxation (a monotonic decrease in stress with
time), (ii) when the increment D = max   grows, mixed relaxa-
tion is observed (non-monotonic changes in stress), (iii) when D
becomes comparable with max, inverse relaxation occurs (an in-
crease in stress with relaxation time).
A constitutive model is developed for the viscoelastic and visco-
plastic behavior of semicrystalline polymers. A polymer is treated
as a two-phase composite, where both phases are considered as
nonlinear viscoelasto-plastic continua. The mechanical responses
of amorphous and crystalline domains are distinguished by differ-
ent laws for plastic ﬂow and different relaxation spectra.
Stress–strain relations are derived by means of the Clausius–
Duhem inequality. The constitutive equations are developed for
arbitrary three-dimensional deformations with small strains, but
they are veriﬁed for uniaxial tension–compression only, when
loading and unloading regimes are easily distinguished.
Adjustable parameters in the constitutive equations are found
by approximation of the experimental data. Although the number
of experimental constants is not small, an advantage of the model
is that not more than four parameters are determined by ﬁtting
each path of a stress–strain diagram, which ensures that these
quantities are calculated with high accuracy.
The constitutive equations are applied to examine the time-
dependent response in relaxation and creep tests after strain rever-
sal. Results of numerical simulation show that the model ade-
quately describes the effect of cyclic pre-loading (maximum
strain per cycle, minimum stress, strain rate) on simple, mixed,
and inverse creep and relaxation of polypropylene.Acknowledgment
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